Using density-functional theory in combination with the direct force method and molecular dynamics we investigate the vibrational properties of a binary Cr-Re σ -phase. In the harmonic approximation, we have computed phonon dispersion curves and density of states, evidencing structural and chemical effects. We found that the σ -phase is mechanically unstable in some configurations, for example, when all crystallographic sites are occupied by Re atoms. By using a molecular-dynamicsbased method, we have analysed the anharmonicity in the system and found negligible effects (∼0.5 kJ/mol) on the Helmholtz energy of the binary Cr-Re σ -phase up to 2000 K (∼0.8T m ). Finally, we show that the vibrational contribution has significant consequences on the disordering of the σ -phase at high temperature. © 2014 AIP Publishing LLC. [http://dx
I. INTRODUCTION
Control of the formation of topologically close-packed (TCP) phases in steels and Ni-based superalloys is important specially for their high-temperature applications. 1 In order to achieve an enhancement of the mechanical properties, the precipitation process must occur under controlled conditions and to this end it is important to understand the thermodynamics of these phases, which in many cases are found stable only above room temperature. Furthermore, one of the TCP phases, the σ -phase, has often been assumed as a crystalline model for icosahedral local order glasses (IC glasses) 2 and is one of the closest crystalline approximant to dodecagonal quasicrystals. 3 This intermetallic compound has a tetragonal unit cell (type D8 b , space group P4 2 /mnm) with 30 atoms distributed over five different sites. The main features of some TCP phases have recently been reviewed. 4, 5 They have been extensively studied using first-principles methods such as density-functional theory (DFT) calculations, [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] but mostly at 0 K. Vibrational properties have been calculated in the harmonic approximation in some Laves phases. 19, 20 Dubiel et al. 15 have recently used first-principles to investigate the harmonic vibrational properties of two ordered configurations in the α-and σ -phases. In another work, the vibrational properties of a one-component σ -phase were investigated by molecular dynamics using an empirical pair interatomic potential. 21 However, no attempt to compute anharmonic effects using first-principles methods in TCP phases has been reported till now.
In our previous works, 13, 16, 22 we have computed thermodynamic properties and phase diagrams as a function of temperature and composition in binary and ternary systems using a generalized Bragg-Williams-Gorsky approximation. The computed results were satisfactory from a qualitative a) mauro.palumbo@rub.de point of view, but differ from experimental data to some extent. A possible reason for the remaining discrepancy between calculations and experiments is that vibrational properties were completely neglected in our previous studies. The importance of vibrational contributions, and in particular of anharmonic effects, on phase stability is still under debate and can be very different from one system to another. [23] [24] [25] For this reason, in the present work we have computed the vibrational properties of the binary Cr-Re σ -phase, first in the harmonic approximation and then including anharmonic effects. In the experimental Cr-Re phase diagram, the σ -phase is stable only above 500 K 26 and the vibrational Helmholtz energy may contribute to its high-temperature stabilization. Among all possible binary configurations obtained from permutations of the constituent atoms in the σ -structure, we focus our attention on the CrReCrReRe, which corresponds to the ideal composition. 4 We refer with this notation to the different occupation of Cr and Re in the five Wyckoff positions (2a,4f,8i 1 ,8i 2 ,8j) of the σ -phase, i.e., Cr in 2a, Re in 4f, Cr in 8i 1 , Re in 8i 2 , Re in 8j. The corresponding composition is X(Re) = 0.66. According to DFT results at 0 K, 16 this configuration is the most stable for the binary Cr-Re σ -phase. We also briefly discuss the pure Cr (CrCrCrCrCr) and Re (ReReReReRe) configurations, i.e., with all atomic sites in the σ -structure occupied by Cr and Re atoms, respectively. Finally, we present the thermodynamic properties of all binary configurations obtained in the harmonic approximation and discuss their relevance for high-temperature disorder in the σ -phase.
II. THE σ -PHASE
The σ -phase (D8 b ) is an intermetallic phase of the group of Frank-Kasper phases, 27, 28 also known as TCP phases. The first coordination shells of the constituent atoms in these structures are formed by slightly distorted tetrahe- Recently, an extended review on the σ -phase has been published. 4 The crystal structure is tetragonal, described by the P4 2 /mnm space group (Table I) , with five non-equivalent positions (2a, 4f, 8i 1 , 8i 2 , 8j), which present coordination numbers 12, 15, 14, 12, and 14, respectively ( Fig. 1 and Table I ). These five non-equivalent sites generate 2 5 = 32 ordered configurations in a binary system and 3 5 = 243 configurations in a ternary system. Since the Wyckoff sites 8i 1 , 8i 2 , and 8j have the same multiplicity (8) , several configurations yield the same composition by atom permutation. Thus, the 32 (243) configurations in a binary (ternary) system, give rise to 16 (90) distinct compositions.
III. METHODOLOGY

A. Harmonic phonon calculations using the direct (supercell) method
First-principles calculations were performed using density-functional theory (DFT) as implemented in the Vienna Ab initio Simulation Package (VASP) with plane wave basis sets. [29] [30] [31] The calculations employed the generalized gradient approximation (GGA-PW91) of Perdew and Wang, 32 the valence electrons were explicitly represented with projector augmented wave (PAW) pseudopotentials, and the k-point meshes were created using the Monkhorst-Pack scheme. 33 The standard pseudopotentials provided within the VASP package were used for Cr and Re (6 or 7 valence electrons). The plane wave cut-off energy was set to 450 eV in all calculations. The ground state (0 K) structure was determined by minimizing the Hellmann-Feynman forces using the conjugate gradient algorithm. Several relaxation steps were performed, both for internal atomic coordinates and lattice parameters, but keeping the cell symmetry. The k-point mesh in the last relaxation step was 8 × 8 × 15 and both lattice parameters and internal atomic coordinates were allowed to relax. In comparison to our previous work, 16 lower residual forces (<10 −4 eV/A) were obtained by relaxation, as necessary for the subsequent phonon calculations.
For phonon calculations in the harmonic approximation, we used the PHON package v. 1.35. 34 The dynamical matrix was obtained by the direct method (supercell method). For each relaxed σ -phase configuration, 12 atomic displacements were generated according to the crystal symmetry and atomic forces were computed using VASP. For the pure Re configuration (ReReReReRe), we further reduced numerical noise by employing central differences (24 atomic displacements). We tested different supercell sizes (1 × 1 × 1, 1 × 1 × 2, 2 × 2 × 2, and 2 × 2 × 3) and found that the 1 × 1 × 2 supercell provides results for the Helmholtz energy which converged within 0.2 kJ/mol at 2000 K. Similar tests were carried out to achieve the same precision target for the k-point mesh and we found the optimum being a 6 × 6 × 6 k-point mesh for the 1 × 1 × 2 supercell. The phonon DOS for each configuration was calculated by integrating over the first Brillouin zone with a equispaced q-points mesh of adequate size (32 × 32 × 32). Finally, the Helmholtz energy was calculated using the equation
where ω( q, ν) are the phonon frequencies of mode ν and wavevector q. The first term in the above equation is the Zero Point Energy (ZPE) and the second term is the phonon contribution at finite temperature. The sums in Eq. (1) are taken over the phonon modes ν and over all vectors q in the Brillouin zone.
B. Anharmonicity using ab initio molecular dynamics and thermodynamic integration
In order to compute anharmonic effects, we employed Ab Initio Molecular Dynamics (AIMD) and Thermodynamic Integration (TI). We first used AIMD simulations to reveal changes in phonon frequencies at high temperatures. These simulations were performed within the framework of planewave-based DFT as implemented in the VASP package. We employed the same energy cutoff (450 eV), pseudopotentials and exchange-correlation functional (GGA-PW91) as in harmonic calculations (cf. Sec. III A). All the dynamical simulations were carried out in the NV T ensemble with a Nosé thermostat to control the temperature. Newton's equations of motion were integrated using Verlet's algorithm in the velocity form with a time step of 1 fs. Simulations were speeded up by a factor of two using an efficient extrapolation scheme for the charge density. 35 A 2 × 2 × 2 supercell containing 240 atoms with periodic boundary conditions was used in the simulation. Only the -point was considered to sample the supercell Brillouin zone. The phonon DOS was then obtained by Fourier transform of the normalized velocity autocorrelation function. 36, 37 To obtain a quantitative evaluation of the anharmonic Helmholtz energy, we used TI. This is a general technique to determine the difference in Helmholtz energies F 1 − F 0 between two systems whose total energies are U 1 and U 0 , respectively. F 1 − F 2 represents the reversible work done by switching (continuously and isothermally) the energy function from U 0 to U 1 . To this aim, a continuous variable energy function U λ is introduced as
where the energy goes from U 0 to U 1 as λ goes from 0 to 1. In classical statistical mechanics, the work done in an infinitesimal change dλ is
where dU λ /dλ λ represents the thermal average for the system governed by U λ . Then
From a practical viewpoint, this last equation can be applied by calculating dλ U 1 − U 0 λ for a suitable set of λ values and then performing the integration numerically. The average dλ U 1 − U 0 λ needs to be evaluated by sampling over configurational space, usually by molecular dynamics. More details of the method can be found in Alfè et al. 38 In the present work, we used TI for computing initio system sampled with a 2 × 2 × 2 grid of k-points. We performed AIMD simulations at 9 values of λ, each simulation lasting 15 ps. The canonical ensemble was simulated using the Andersen thermostat. The final step F vib − F ref was performed using a perturbative approach to TI, in which we generated a set of statistical independent configurations using U ref , and then computed
where U vib is the ab initio system sampled with a 6 × 6 × 6 grid of k-points, δU (5) is already negligibly small.
IV. RESULTS AND DISCUSSION
A. Harmonic phonons
We first consider the pure Cr σ -phase. Having the same type of atoms on all crystallographic sites (CrCrCrCrCr), phonon results can better reveal features that depend only on the crystal structure.
Since the σ -phase contains 30 atoms, there are 3 acoustic modes and 87 optical modes, for a total of 90 normal vibrational modes. The resulting phonon dispersion curves are rather complex and present densely distributed optical branches above the acoustic ones, as shown in Fig. 2(a) . No imaginary frequencies were found for this configuration. Vibrational frequencies range up to about 11 THz and there are no large gaps in the phonon DOS (Fig. 2(b) ), although in the middle part of the spectrum there are several peaks emerging from the broad background. In the low-frequency part of the spectrum some soft modes from optical modes may be identified, although they are not very evident and overlap with the acoustic part of the spectrum. A similar behaviour was found for a toy system by Simdyankin et al. 21 The phonon dispersion curves for the binary CrReCrReRe configuration are shown in Fig. 3 . With respect to the pure Cr σ -phase (CrCrCrCrCr), Re atoms are present in the 4f, 8i 2 and 8j sites of the same crystal structure. Both chemical and structural effects can play a role in this case, i.e., effects which depend on the chemical properties of the atoms and on the features of the crystal structure, respectively. Overall, phonon frequencies are softened in comparison to the pure Cr σ -phase as a result of the presence of heavier Re atoms in some atomic sites. Some independent optical modes can be noted at high frequencies, in contrast to the pure Cr σ -phase.
The presence of such independent modes was not found by Simdyankin et al. 21 for a "pure" toy σ -phase model using empirical potentials but was found by Dubiel et al. 15 for a binary Fe-Cr σ -phase using first principles. These independent modes are structurally related to the Wyckoff site 2a, mainly occupied by Cr atoms, as can be seen from the projected DOS reported in Fig. 4 , coupled with sites 8i 2 and 8j. These latter sites are the nearest neighbours (NN) to the 2a site, with distances of 2.52 and 2.60 Å, respectively. The short distances result in high vibrational frequencies. However, as we have already remarked, no separate vibrational modes can be seen in the pure Cr σ -phase, although similarly the 2a site has as NN the 8i 2 and 8j sites. Thus, their appearance is related to chemical effects, when different types of atoms are present in the σ -structure, rather than structural effects. According to their mass, in Fig. 4 (a) vibrational modes related to Cr atoms dominate the high frequency part of the spectrum, while the opposite behaviour is observed for Re. In the low-and middle-frequency part of the DOS (Fig. 4(b) ), vibrational modes related to the site 8i 1 (occupied by Re atoms) are prevalent at middle-high frequencies, while the modes related to the sites 4f and 8j (also occupied by Re atoms) have low frequencies. Cr atoms in the site 2a clearly vibrated at high frequency. These projected DOS appear rather different from those of the pure Cr σ -phase (Fig. 2(b) ), where no clear predominance of any Wyckoff site was found in different frequency ranges of the density of states. From the above, it appears that there is a dominant mass effect on the DOS for the binary Cr-Re σ -phase. However, vibrational modes related to the site 8i 2 (occupied by Cr atoms) are spread over the entire frequency range, suggesting that structural effects also play a role.
In Table II , we report the harmonic Helmholtz energy (and other related quantities) as obtained from the computed phonon frequencies and Eq. (1). 
B. Mechanical instability
When computing the phonon spectrum for the pure Re σ -phase, we found imaginary (negative) frequencies in the dispersion curves (Fig. 5) , thus evidencing a mechanical instability in this structure at T = 0 K and P = 0 bar. As discussed in details in Ref. 39 , the presence of imaginary frequencies means that a saddle point exists in the configurational space and the structure would spontaneously transform into a more stable one. As an example, one of the vibrational modes from which the imaginary frequencies arise is related to the vibration of the atoms in positions 8i 1 , 8i 2 , and 8j along the directions (0,0,1), (0,0,1), and (1,1,0), respectively. Any small movement of these atoms along these directions will result in a structural change of the σ -phase structure. A pure Re σ -phase could not be the stable structure, being contrary to experimental evidence (Re is stable as an hcp structure). The present result shows that this structure is mechanically unstable and does not correspond to a local minimum in the configurational space.
In addition to the pure Re σ -phase, we found three more configurations to be mechanically unstable: CrReReReRe, ReCrReReRe, ReReCrReRe. In Fig. 6 we report our previously computed enthalpies of formation at 0 K for all binary Cr-Re configurations, showing by green line the mechanically unstable ones. It is evident that mechanical instability results in the Re-rich side. The additional unstable configurations occur when Cr substitutes Re in the 2a, 4f, and 8i 1 sites of the pure Re σ -phase, but not when this happens in the 8i 2 and 8j sublattices. The substitution of Cr in the first two lowmultiplicity sites (2a and 4f) is clearly not sufficient to stabilize the structure with respect to the pure Re σ -phase. The composition of these two configurations is still very close to pure Re, with X(Re) = 0.933 and X(Re) = 0.867, respectively. More interesting is the mechanical instability originating from the substitution of Cr in the 8i 1 site compared with in the 8i 2 and 8j ones. In all three cases the final Re content is the same (0.733), but the mechanical unstable configuration ReReCrReRe has the higher enthalpy of formation at 0 K (Fig. 6 ). Finally, we remark that the CrCrReReRe configuration, where Cr substitutes both 2a and 4f sites, has a higher Re content (0.8) but a lower enthalpy than the ReReCrReRe case and is mechanically stable.
C. Anharmonic effects
Little is known about the importance of anharmonic effects in the σ -phase. Based on their molecular dynamics simulations using an empirical potential for a toy one-component σ -phase, Simdyankin et al. 21 concluded that the anharmonic contribution is negligible up to 0.2T M , where T M is the melting (or solidus) temperature. Their conclusion is based on a qualitative analysis of the changes in the phonon spectrum obtained from molecular dynamics at high temperature.
The phonon DOS computed as Fourier transform of the normalized velocity autocorrelation function from our AIMD calculations are shown in Fig. 7 up to 1800 K (∼0.7T M ) for the binary CrReCrReRe σ -phase. Significant changes occur in the high-frequency part of the spectrum increasing the temperature. For example, the two high-frequency peaks related to the 2a site are significantly modified at high temperature, evidencing a change in the local environment around this position. On the contrary, a limited effect can be noticed in the acoustic (Debye) part of the spectrum. Increasing the temperature, no softening of the acoustic modes is observed, what would be a typical sign of temperature-induced anharmonicity. This confirms the qualitative conclusion obtained by Simdyankin et al. 21 and suggests low anharmonic effects in the binary CrReCrReRe σ -phase.
A quantitative evaluation of the anharmonic contribution to the Helmholtz energy based on TI is reported in Table III 
D. Thermodynamic properties of the harmonic σ -phase
We discuss in this section the thermodynamic properties of all binary Cr-Re (mechanically stable) configurations derived from the harmonic phonon frequencies. Figure 8 shows the calculated Helmholtz energies at different temperatures. Results for the enthalpies of formation, ZPE, Helmholtz energies, entropies, and heat capacities are also reported in Table IV in the Appendix. Although we have remarked their limitations, 22 we also show in this table the Einstein and Debye temperatures of all configurations for the sake of comparing their vibrational properties.
The ZPE (Fig. 8(a) ) values range from a maximum value of 3.85 kJ/mol for the pure Cr σ -phase to 2.64 kJ/mol for the rightmost mechanically stable configuration (CrCrReReRe) in the Re-rich side of the plot. On the whole, differences in the ZPE among all configurations are small compared with their energies of formation at 0 K (Fig. 6) and thus have limited consequences on their relative stability. The vibrational Helmholtz energies have more dramatic effects, depending on the temperature. As shown in Fig. 8(b) , the differences in Helmholtz energies among all configurations at 2000 K are significantly higher than ZPE and comparable with the energies of formation at 0 K. To better evaluate this effect, we show in Fig. 9 the sum of the enthalpies of formation and harmonic Helmholtz energies of all configurations at two different temperatures (2000 and 3000 K). It is clear that the vibrational contribution significantly alters the relative stability of the configurations with respect to the enthalpy of formation at 0 K (Fig. 6 ), reducing their differences in energy. Taking as an example the configurations at X(Re) = 0.467 (ReReCrCrRe, ReReCrReCr, ReReReCrCr), the maximum difference in energy at 0 K is 7.32 kJ/mol, but it reduces to 3.24 kJ/mol at 2000 K and to 1.21 kJ/mol at 3000 K. This behaviour strongly favours the disordering of the σ -phase on increasing the temperature. A Bragg-Williams approach neglecting vibrational contributions to the Helmholtz energy can thus lead to a significant underestimation of disordering phenomena at high temperature. Finally, taking as another example the configurations at X(Re) = 0.667 (CrReReReCr, CrReReCrRe, CrReCrReRe), Fig. 10 shows that the most stable configuration at 0 K is CrReReCrRe, whereas on increasing the temperature the most stable configuration becomes CrReCrReRe because of the different vibrational contributions to the Helmholtz energy. Similar behaviour is observed at different compositions (not shown). 
V. CONCLUSION
In this work, we have evaluated harmonic and anharmonic vibrational effects in the Cr-Re σ -phase. In the harmonic approximation, we did not find clear structural effects in the phonon DOS when examining the pure Cr σ -phase, while the structure was found to be mechanically unstable when all sites are occupied by Re atoms. In the binary CrReCrReRe σ -phase, we found independent vibrational modes arising from the difference between Cr and Re atomic masses. Mass effects appear to be dominant with respect to structural effects in the binary case, although the latter also play a role.
AIMD simulations at high temperature show remarkable changes in the high-frequency part of the phonon spectrum, for example, evidencing a change in the local environment around the site 2a. By contrast, minor changes occur in the low-frequency (Debye) part of the spectrum, suggesting low anharmonic effects on thermodynamic functions. This was quantitatively confirmed by using thermodynamic integration. The vibrational contribution significantly alters the relative stability of the configurations with respect to the enthalpy of formation at 0 K. Changes in the most stable configuration for a given composition are observed because of the difference in the harmonic Helmholtz energy as a function of temperature. The vibrational contribution strongly reduces the differences in energy among all configurations thus favouring the disordering of the σ -phase on increasing the temperature. As a consequence, a Bragg-Williams approach neglecting vibrational contributions to the Helmholtz energy is expected to fail in correctly describing the full disordering behaviour.
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APPENDIX: HARMONIC RESULTS
See Table IV. TABLE IV . Thermodynamic properties of all binary Cr-Re configurations of the σ -phase. For mechanically unstable configurations, only the enthalpy of formation at 0 K is reported. Einstein and Debye temperatures were computed by fitting the harmonic heat capacity from 0 to 3000 K. 
